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Abstract—A method tor predicting mass-, momentum-, and energy-transfer rates in turbulent flows
is outlined involving (a) a semi-empirical correlation of friction coefficient for injection of air into a
low-speed air stream (providing the “constant-property” curve forming the heart of any attempt to
predict transfer rates using reference states), (b) modified Reynolds analogies relating mass- and energy-
transfer coefficients with friction coefficient, and (c) expressions for reference temperature (or enthalpy)
and reference composition. The blowing-rate parameter used in the friction-coefficient correlation
differs from suggestions of earlier investigators using sublayer theories chiefly in that the geometric
average of the friction factor with blowing and the friction factor without blowing is used. The modi-
fied Reynolds analogies differ from the analogies of Rubesin and Pappas chiefly in that the specific
heat of the mixture is constant with value fixed by the reference state. Since, for flows without mass
additions at the wall, the reference-temperature expression used for laminar flows correlates success-
fully the results for turbulent flows, attempts to correlate data for turbulent flows with mass additions
using the reference-state expressions developed by Knuth for laminar flows with mass additions are
recommended.

Since no data including dependable measurements of foreign-gas concentration at the surface are
available, no verification of the modified Reynolds analogy relating mass and momentum transfer and
of the use of the reference-concentration expression is possible at present. Limited available data
indicate that (a) for Mach numbers up to 3, the reference-temperature expression developed for
laminar flows with mass transfers appears to correlate satisfactorily the data for turbulent flows with
mass transfers, and (b) use of the modified Reynolds analogy and the proposed blowing-rate para-
meter appears to correlate satisfactorily the skin-friction and heat-transfer data for the case in which
the heat capacity of the coolant and main-stream gas are equal. The need for data which are more

extensive and more accurate is emphasized.

NOMENCLATURE Crm - . .
A, dimensionless laminar sublayer thick- REE friction coefficient based on maxi-
ness [cf. equations (3-4)]; Tm
By,  blowing rate for momentum transfer mum shearing stress = P
(cf. Table 1); kolETIED)
By,  blowing rate for energy transfer (cf. Cn,  Stanton number = -2 — ——yl«,
Table 1); (pucp)oTr = Tu)
By, blowing rate for mass transfer (cf. Cm,  mass-transfer coefficient
Table 1); _(pull — ) §
B;,  blowing rate based on sublayer thick- (el — €5.)’
ness [cf. equation (10)]; ¢k,  mass fraction of component k;
C; i o i T cp,  specific heat at constant pressure;
o X friction coefficient = —b;;—g: D, diffusion coefficient in Fick’s Diffusion
Law;
1 Associate Professor of Engineering, Head of Mole- h, specific enthalpy;
?Iizgleise:;rz (I:_:E?g:rtl?;y, University of California, Los w‘k, thermal conductivity ;
b Seniqr Research Engineer, General Dynamics § Definition of Cy, given in [13] contains typograpﬁﬁl
Corporation, Pomona, California. error.
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M, molecular weight:

Ma, Mach number;
C .
Pr, Prandt] number = —;;
r, temperature recovery factor =
2(‘1} 7’(]—‘7‘ o 77) i

u*
R, effectiveness = (T, - T)/(Tro - T.):
Re,  Reynolds number = puox/p:

Se¢,  Schmidt number = 'ur:,
/)D
T, temperature;
T.,  temperature of coolant [cf. equation

(26)];
T, temperature of wall for case in which
temperature gradient vanishes at wall;

u, velocity parallel to wall;

v, velocity normal to wall;

X, co-ordinate parallel to wali:

¥, co-ordinate normal to wall;

3, thickness of boundary layer (subscript
cc) or sublayer (subscript s):

s dynamic viscosity coefficient:

Py density;

T, shearing stress:

™m,  maximum shearing stress.

Superscripts:

a, mixture component(s) (e.g., air) other
than those components added at wall:

¢, mixture component(s) (e.g., coolant)
added at wall:

variable evaluated at reference state;

-+ dimensioniess variable.

Subscripts:

s, sublayer boundary;

1, turbulent portion of boundary layer;

W, wall;

0, limiting value as blowing rate

approaches zero;
oc,  outer edge of boundary layer.

INTRODUCTION

ENGINEERS have been attempting to predict
transfer rates (either mass-, momentum-, or
energy-) by inserting fluid properties evaluated
at some ‘‘reference’ state into equations estab-
lished for flows of constant-property fluids ever
since the first attempts to analyse and predict
transfer rates in systems containing either
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temperature or composition gradients were
made. These attempts to use reference states are
motivated by the time and effort saved using
this approach rather than computing exact
solutions for the equations of motion with
variable fluid properties. Contributions by von
Karmdn [1], Rubesin and Johnson [2], Tucker
[3]. Young and Janssen [4], Eckert [5], Monag-
han [6], Sommer and Short [7]. Rott [8] and
Burggraf [9], for the case without composition
gradients, are mentioned in the briel review of
the effective-temperature hypothesis included in
a recent report by Coles [10]; contributions by
Scott [[1] and Gross er al. [12], for the case
with composition gradients. have been sum-
marized and cxtended by Knuth [13] in [13]
the physical bases for the concepts of reference
temperatures and reference compositions arg
examined: methods for caleulating reference
temperatures and reference compositions for the
case of laminar boundary-layer flows with mass
additions at the wall are developed (with the aid
of analytical results for a Couette-flow modell.
The following principal conclusions are drawn:

|, The reference composition appropriate
for use In relations developed for fluids with
constant properties must be calculated. in general
using

Mu
M

In M.ojM,
M ner M jes M,/

(,,((:2:
The linearized expression o* « Hed - o)
may be used only for low blowing rates or small
molecular-weight differences.

2. The reference temperature appropriate for
use in relations developed for fluids with con-
stant properties may be calculated using either

T~ OS(Ty 4 To) + 02 3%
2¢

0l !B;’ (B B ‘)-"l (Tw Ty
¢ ot

or
W~ 0-5(h — o) - 0207

{xl)

U o)

<0l [B;; { (B:- 2By " ,
the latter equation to be used for cases in which
variations of the heat capacitics with temperature
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are cignificant T

are significant. These analytical expressions are

y exp 18
srmple extensions of the empirical expression
given by Eckert {5] for the reference temperature
(or enthalpy) for the case of boundary-layer
flows with no mass addition at the wall.

Since Eckert [5] found that, for flows without
mass additions at the wall, the reference-
temperature expression used for laminar flows
correlated successfully the results for turbulent
flows, one might be encouraged to attempt to
correlate results for turbulent flows with mass
additions using the reference-state expressions
developed in [13] for laminar flows and modify-
ing appropriately the blowing-rate parameters.
The blowing-rate parameters used in the
reference-state expressions for laminar Couette
and boundary-layer flows are given in the second
and third columns of Table 1. If sufficient
information concerning turbulent flows were
available, then one might develop empirically
turbulent-flow analogs to these parameters.

Table 1. Comparison of blowing-rate parameters used
in reference»stare expresszons

Blow Lamin: Turbulent
ing- Ca e ttaer Laminar boundary
rate t(;o W boundary layer layer
para- . (empirical) (pro-

meter (analytical) visional)

gr e 2 (0w 2 (P _2
! p*ux Cro* p*uc  Cro® pruse Cro*

cfn ( Cyo* )(c,*/c,.,*w Cro*
* _ * _ 7
Bo® Bt st BT \ac, i Tomes
Cro* ( Cro* )(CI/CM)W Cro*

* - B * - *
Bn r* 2Cho* I \2Cho* F 2G>

Unfortunately, sufficient information is not
available. Hence, until the required information
becomes available, one might use provisional
blowing-rate parameters suggested by these
results for laminar flows. Pertinent to the
selection of such parameters is the observation
that the difference in the forms given in the
second and third columns appears to be related
to the fact that the several transport rates for
laminar Couette flow approach zero asymptotic-
ally as the blowing rate increases whereas the
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rrespondin for laminar
boundary-layer flow vanish simultaneously at a
finite value of the blowing-rate parameter Bj.
Available information indicates that, in this
respect, turbulent boundary-layer flow (with
its laminar sublayer flow) resembles laminar
Couette flow more than laminar boundary-
layer flow; the several transport rates approach
zero asymptotically as the blowing rate increases.
Note also that, since C;,/2C,,, C;/2C; and
(C7/CF)V¢ are frequently of the order of unity,
the difference in the values of a given blowing-
rate parameter computed using the forms given
ip the second and third columns of Table 1 is
small in many applications. Hence, one might use
provisionally the blowing-rate parameters given
in the fourth column of Table 1. The present
paper describes the results of an effort to corre-
late transfer rates, for turbulent flows with mass
additions, using these parameters in the refer-
ence-state expressions developed in [13] for
laminar flows.

In the case of laminar flows with mass
additions [13] both the constant-property
relations and the variable-property relations
were supplied by results of exact analyses, the
author believing that ““a correlation of results
of exact calculations would be just as meaningful
as a correlation of experimental results”. In
the case of turbulent flows, the situation is quite
different; the present state of knowledge of
turbulent flows with mass transfer is such that
one would question the value of any reference-
state expressions obtained examining only
analytical results. Hence, one is led to examine
experimental results.

In order to establish whether or not the
suggested reference-state expressions may be
applied to turbulent flows with mass transfers,
measured values of friction coefficients, mass-
transfer coefficients, heat-transfer coefficients
and recovery factors are required for wide ranges
of Mach numbers, Reynolds numbers, and
blowing rates; temperatures and concentrations
must be known at the wall as well as at the outer
edge of the boundary layer. Of those references
which have come to the attention of the authors,
only two {14] and [15] give results of measure-
ments of concentrations. Skin friction was not
measured in either case; suspicion is cast on the

corresponding transport rates
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heat-transfer data of [14] by [16] and the
scatter of the heat-transfer data of [15] dis-
courages the authors from using them for the
present purposes. Furthermore, Danberg [15]
did not attempt to measure the concentration
at the wall (and extrapolation of a concentration
profile to obtain a wall concentration is difficult).
Also, it is believed that the method used by Scott
et al. [14], i.e. sucking a gas sample through
a hole in the wall, measures a coolant concentra-
tion which is less than the coolant concentration
at the wall. Hence, only the applicability of the
reference-temperature expression to data ob-
tained for cases in which coolant and main-
stream gas have similar properties will be
discussed in this paper.

The measurement of skin friction for the case
of mass addition at the wall is difficuit. Of the
several instruments (drag balance, pitot tube,
and hot-wire anemometer) which have been
used, the authors believe that the hot-wire
anemometer has given the most accurate results.
Consequently, even though Goodwin [17] and
Smith [18] have been the only investigators
50 use this instrument for cases of interest to this
paper, only skin-friction data taken with a hot-
wire anemometer will be examined here.

The measurement of heat-transfer for the
case of mass addition is less difficult than is the
measurement of skin friction. The main obstacle
is wusually the control or evaluation of all
pertinent heat sources and sinks. Of those data
which have come to the attention of the authors,
it is believed that the data of Bartle and L.eadon
[19] are the most reliable. Their test chamber
was designed to minimize effects of thermal
radiations; influences of all other heat sources
and sinks were evaluated. They adjusted the
blowing rate so that a uniform plate temperature
was realized.

The following plan of attack was used in the
study described here. First, a semi-empirical
relationship describing the dependence of skin
friction on blowing rate was developed using the
data of Goodwin [17] and Smith [18] for the
case of flows of constant-property fluids (i.e. for
the case of air injection into a low-Mach-number
air stream). Then the reference-temperature
expression of Knuth [13] and a modified Rey-
nolds analogy were used in an effort to place the
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heat-transfer data of Bartle and Leadon [19]
for free-stream Mach numbers of 2:0 and 3-2 on
the aforementioned semi-empirical curve. If the
low-speed skin-friction data and the high-speed
heat-transfer data fall, to good approximation,
on the same curve, then (especially since the
high-speed data were obtained at two different
Mach numbers) the probability that both the
reference-temperature expression and the modi-
fied Reynolds analogy are appropriate is high.
Whereas such an implicit verification of the
reference-temperature expression and the modi-
fied Reynolds analogy is not, in principle, the
ideal approach, it appears to be the required
approach as a consequence of the limited amount
of experimental data.

The “constant-property’’ curve may be difficuit
to establish experimentally. [ts pursuance is
motivated, however, by its technical applicability
and the fact that it needs to be determined only
once. If it is determined, then the heat-, mass-
and momentum-transfer rates for turbulent
flows with mass additions can be predicted for a
wide range of free-stream and wall conditions
using the ‘“‘constant-property” curve, the refer-
ence-state expressions and the modified Reynolds
analogies.

MOMENTUM TRANSFER (SKIN FRICTION)

As stated in the Introduction. the plan of
attack is to attempt to establish a *‘constant-
property” curve describing the dependence of
skin friction on blowing rate for the case of
constant-property fluids and then to attempt
to develop a method for predicting all other
transfer rates using this ‘“‘constant-property”
curve. In the present section of the paper, the
results of an effort to establish such a “constant-
property” curve are described.

In the case of the turbulent boundary layer
without mass addition at the wall, engineers
have found that momentum-transfer rates and
(if the Prandtl number is near unity) energy-
transfer rates can be predicted to an approxi-
mation sufficient for many applications by using
a simple model in which the boundary layer
is divided into a laminar sublayer and a turbulent
outer layer. Consequently, an attempt is made
here to extend this simple model to include the
case of mass addition at the wall.
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Consider a laminar sublayer (Fig. 1) char-

acterized by the following features:

1. Gradients in the x-direction (parallel to the
stationary wall) are negligible in com-
parison with gradients in the y-direction
(normal to the stationary wall).

2. Fluid properties (i.e. viscosity and density)
are constant. (In making predictions for
flows with variable properties, one would
evaluate properties at the appropriate
reference state.)

I'd
T__.,, FREE STREAM { )
uiy)
1 8 3. SUBLAYER BOUNDARY { )
o ] " STATIONARY WALL ( )
M- ¥
COOLANT
FiG. 1. Boundary-layer flow model for turbulent flow
with mass addition at wall.

Then, within this laminar sublayer, conservation
of momentum is described by the ordinary
differential equation

du

*

I dy Tw + (pl))wu (1)
which states that the viscous force at an arbitrary
plane equals the viscous force at the wall plus
the force required to accelerate the mass added
at the wall to velocity u. Separating variables,
integrating from the stationary wall to the

sub-layer boundary, and rearranging, one
obtains
(Pv)w‘ss
Twd p* B;
e = (B =T 2)

prus exp [(Pz)stJ | e (BY)

The problem of predicting the viscous force at
the wall for a given rate of mass addition at the
wall and a given viscosity is reduced now to the
problem of predicting values of the velocity us
and distance 3, corresponding to the sublayer
boundary.

For the case with no mass addition at the
wall, the dimensionless velocity

1003

. Us
uS

© T Vrwelp®)

and the corresponding dimensionless distance

_ PPV T/ p%)3s
u*

are found to describe the sublayer boundary to

good approximation. For the case with mass

addition at the wall, one would like to establish

appropriate extensions of these dimensionless

parameters. Reasonable requirements include:

3)

= A (a constant)

8 4)

1. The extensions must incorporate the fact
that the viscous stress varies throughout
the sublayer (monotonically from a mini-
mum at the stationary wall to a maximum
at the sublayer boundary).

2. The extensions, taken together, must satisfy
satisfactorv annrnvrmahnn\

SRS aliOLy PrOANQlION)

(af least to a

equatlon ).

3.In the absence of information favoring
dissimilar modifications of uj and &7,
it is rational to modify the two parameters
similarly.

4, The extensions must reduce, for zero
blowing rate, to the expressions quoted for
the case with no mass addition at the wall,

i.e. to equations (3) and (4).

Equation (2) may be rearranged, keeping in
mind that

P=enr, ®)
S
to obtain
Twds e—}Bs* ,_B:___
[J—*US . eiBS — e_éBS*
_ Tw 1/2 AiEB*
~\7,) sinh 1B
or
S5 B* 1
\/(7':17'8) k3 a1 B*z + .
w¥ug ~ sinh 1B 24

If B} is smaller than approximately 2 (small to
modest blowing rates), then this expression may
be put in the form

s PV [rsml %/ p* 10
VIGro 7%~ *
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Hence, requirement 1 is satisfied qualitatively.
requirement 2 is satisfied up to and including
first-order terms in blowing rates, and require-
ments 3 and 4 are satisfied exactly, by the
extensions

17N i

u, == v [(Tw‘f',x)llz,/P*] A (6)
* T2 08,

53_" . PN ,[(7” ;) P ] . (7)

123

i.e. by replacing the viscous stress at the wall for
the case with no mass transfer by the geometric
average of the viscous stress at the wall and the
viscous stress at the sublayer boundary for the
case with mass addition at the wall. The para-
meter BY appearing in equation (5) is given now
by

(pt)w (p*u  p*ul '} \
B~ A 7/7)7*717 ( ) . (8)

The exponential dependence shown in (5) has
been derived previously; the form of the blowing-
rate parameter is new.

Comparisons of (5) and (8) with data require
information concerning the value of the viscous
stress at the sublayer boundary and evaluation
of the constant 4. The most reliable measure-

Tw Tx
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ments of variation of viscous stress within the
boundary layer for the case with mass addition
at the wall are perhaps the measurements of
Smith [18]. From an examination of these data,
the viscous stress at the sublayer boundary
appears to be equal to or stightly less than the
maximum shearing stress within the boundary
layer; the value of the constant A appears to be
about 11-5, the value proposed by von Kdrman
[20] for zero mass injection. Substituting the
measured maximum stress r, for the viscous
stress 7. and setting A4 11-5. the correlation
shown in Fig. 2 results. The agreement of the
data with (5) and (8) is excellent.

In a typical application of (5) and (8) tor the
prediction of values of the viscous stress 7.
measured values of the maximum stress 7, arc
not available. Furthermore, analytical pre-
dictions arc not available cither. Fortunately,
examinations of available data on distributions
of viscous stresses within boundary layers
reveal that the viscous stress at the sublayer
boundary for the case with mass addition 1s of
the order of magnitude of (but not necessarity
equal to) the viscous stress at the wall for the
case with no mass addition. Furthermore, onc
would expect that the ratio =/r7.s of these two
viscous stresses would be u function ol the

o o REF. [ig]
E°'° - «——8 POINTS

&
R
Q
o 08 -
z
w
=
L.
[T
i
Q
O 04 i—
z
e
-
4
@x
w

02—

EQUS. (5) & (8),
Ter Tp,
0 ] | i
o 1 2 3

(PV)w

BLOWING RATE ,

2 2\
15 wIre (—th' E;)

FiG, 2. Friction coefficient for injection of air into low-speed air stream as function of blowing rate (viscous
stress r, replaced by maximum stress =,.).
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blowing rate B;. Hence, one is led to an attempt
to correlate the skin-friction data plotting

Cr

o B*
=B ©
with
. (p0)w (2 2 \VA
B ~ 115 o (6}* Zﬁ,) . (10)

To the extent that the ratios 7s/7y, and (B}/2)/
(sinh B}/2) deviate from unity, one would expect
that the functional dependence indicated in (9)
would deviate from the exponential dependence
indicated in (5). The blowing-rate parameter
used here differs from suggestions of earlier
investigators using sublayer theories chiefly
in that the zero-blowing factor (2/Cre)*/? used,
e.g. by Rannie [21] and by Knuth [22] and the
arithmetic average

ollea) "+ (e) ]

used by Turcotte [23] and Nash [24], is replaced
here by the geometric average

(e @)
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motivated by the aforementioned requirement 3.

Using the parameters indicated in (9) and (10),
the low-speed skin friction data of Goodwin
[17] and Smith [18] are plotted in Fig. 3. (The
scatter in Smith’s data appearing here may be
due in part to the fact that the friction coefficients
Cr and Cy, were measured by different investi-
gators, Smith and Goodwin, in different tests.
The friction coefficients Cy and Cyy, used in
Fig. 2 were measured by one investigator in one
test.) Differences between a curve faired through
these points and the exponential curve Cy/Cyo =
e¢~Bs may be due in part to deviations of the
ratio 7s/Twe from unity. Until more extensive
skin-friction data for the case of constant-
property fluids are available, Fig. 3 will be
considered a provisional ‘“constant-property”’
representation.

MASS AND ENERGY TRANSFERS (MODIFIED
REYNOLDS ANALOGIES)

Recall that the purpose of the study described
here is to attempt to predict transport rates
using (a) a “constant-property” curve obtained
from low-speed skin-friction measurements,
(b) modified Reynolds analogies relating mass-
and energy-transfer coefficients with skin-friction

10 —
x ReF. [i7]

o8 |- o REF. [ig]
N
$ .
\ .
& o
.-- 06 -~ ©
Zz
w
Q
w
[
&
O 04
z
=]
s x
o
4 X
w Xx

o2~ x

o ] ] ]

] \ 2 s

BLOWING RATE ,

By= 115 L2 e (L 2\

PYo \Cr C'O}

F1G, 3. Friction coefficient for injection of air into low-speed air stream as function of blowing rate (viscous
stress 7 replaced by wall stress 7, for case of no mass addition),
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coefficients, and (c¢) reference-temperature and
reference-composition expressions. In the Intro-
duction, use of the reference-state expressions
developed for laminar flows with mass transfers
was recommended. In the section titled Momen-
tum Transfer (Skin Friction), a provisional
‘‘constant-property” curve was presented. In the
present section, the required modified Reynolds
analogies are derived and compared with avail-
able data.

The following treatment of mass and energy
transfer is similar to the treatment of Rubesin
and Pappas [25] in that modified Reynolds
analogies relating mass, momentum and energy
transfers are derived neglecting gradients parallel
to the stationary surface; it differs from the
work of Rubesin and Pappas chiefly in that the
specific heat of the mixture is constant with
value fixed by the reference state. 1t is intended
that the modified Reynolds analogies derived
here be used in connection with the friction-
coeflicient expression developed in the preceding
section in order to predict mass- and heat-
transfer rates.

Congsider the turbulent Couette-flow model
(Fig. 4) characterized by the following features:

1. The velocity of the moving surface, as well
as the temperature and concentrations at
this surface. are uniform and steady, and
are specified.

2. Heat and mass may pass readily through
the moving surface; a steady force, required
to maintain steady motion, acts on this
surface in the direction of motion.

3. The momentum flux and the viscous stress
in the direction normal to the two surfaces
are much smaller than the pressure at some
reference plane in the model.

4. The kinetic energy associated with the mass-
weighted average velocity in the direction
normal to the two surfaces is much smaller

COOLANT
FREE STREAM { )

v T »
Lu 5, Soo uly)
7 v I SUBLAYER BOUNDARY { g
_L STATIONARY WALL [ )w
¥ ¥
COOLANT

FiG. 4. Couette flow model for turbulent flow with
mass addition at wall.
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than the enthaipy of the fluid at somc
reference plane in the model.

5. Fick’s Diffusion Law describes to good
approximation the diffusion of the gas
added at the wall relative to the rest of the
mixture.

6. Body force, Dufour. and Soret effects are
negligible.

7. The laminar Prandtl, Schmidt. and Lewis
numbers, as well as the turbulent Prandtl,
Schmidt, and Lewis numbers, are constants
not equal to unity.

8. The mixture density, mixture heat capacity,
coolant heat capacity, laminar transport
coefficients, and turbulent transport coeffic-
ients may be treated as constants. (Treating
the mixture heat capacity as a constant,
with value fixed by the reference state,
provides, in comparison with the laminar-
flow analysis of [13]. a simplification
tending to compensate for complications
introduced by considerations of turbulence.}

This simple model contains the most important
physical features of a turbulent high-speed
boundary layer involving mass, momentum and
energy transfers with arbitrary laminar and
turbulent Prandtl, Schmidt and Lewis numbers
and with heat capacity of coolant differing from
heat capacity of main-stream gas.

Integrating the appropriate ordinary differ-
ential equations describing conservations of
mass, momentum and energy. one obtains.
after considerable algebraic manipulation (cf.
Appendix).

(ﬁprl'),(- | N (;3{1{/- ‘Z, Uy
pfug, Croo | prur G oue
) (pr),. 2717 .
- _ {18}
! ptu (",‘ ‘
and
{pUCS ) 1
Y e ¢
D)o 2 U [CURET Y A A
i e 2
] P U C‘r U-r
7 (PU)IP 2 Flewey it -
n 20)
[0 2
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with
% [C}‘ P*uwr 1
cc| 2 4 (cxtlcp®) (Pre—Pry)
SRR N S NI
(2 — "{;Prt) ( — —iPr*) 4 Pt Ly Uo
c, c
(p0)w 2 \@lePre o . ( P?’_)ﬁ) 2}7 U T2 (estlent) Pre
X (l+—");u*w 6}‘ —]—Z:(Prt—Pr )1+ % C;f . L 21)
e 210 L0 2 iy
RIS . __pr “ _‘ep
X I:l + P*uoo C;k 2 C:Pr 1 -+ P*uoo C;_k + C: (43
o G [(PDe 2 s+ ¢ (p)w 2
. (‘2 Pt ) [p*uw ' e e S )

Equations (18) and (20) are modified Reynolds
analogies relating, respectively, mass and mo-
mentum transfers and energy and momentum
transfers in turbulent flows; (21) is the corre-
sponding expression for the temperature recovery
factor. Equation (18) is essentially the same as
equation (38) of Rubesin and Pappas [25].
Although (20) and (21) are slight extensions of

In an effort to determine how well these
modified Reynolds analogies describe experi-
mental results, one might substitute

(p0)w 2 us

p*uco C; Uo

1+ = exp [(p0)wds/u*] = (exp BY)

into (18) and (20) and rearrange to obtain

(pv)w i

C* P*uoo C*o
_»éi’_ T (PU)w 1 qUSe Bf : St/ »1 (22)

fo L . _ B
[1 * p*too C;‘J exp [B; ( c*/Ser)]

(PU)ug i

¢ p¥uxn Cf,
T CI — 23
c;, [l +(pvc;)w 1 ](cn 762 (1/Pr) 23)

S Bar
P URC, Ch

exp [B; (1 — Pr¥*/Pry)] — 1

equations (53) and (55) of Rubesin and Pappas
in that the turbulent Prandtl and Schmidt
numbers are considered to be arbitrary constants
not necessarily equal to each other or to unity,
they differ chiefly from the corresponding
equations of Rubesin and Pappas in that the
specific heat of the mixture is constant with
value fixed by the reference state, As a conse-
quence of these differences, the similarity in (18)
and (20) is greater than in (38) and (55) of [25].
It is believed that this greater similarity facili-
tates the correlation of mass, energy and
momentum transfers using the concept of a
reference state,

Values of friction coefficients might be computed
substituting measured values of other para-
meters into these two equations. (Since the
blowing parameter, B}, is a function of the
friction coefficient, C7, the computation of a
friction coefficient from either of these equations
might involve iterative procedures.) One might
compare then these computed friction coefficients
with measured friction coefficients.

Such computations have been made using
the heat-transfer data of Bartle and Leadon [19]
for nitrogen injection into an air stream with
free-stream Mach numbers of 2-0 and 3-2.
Setting Pr; =1 and c¢/c; = 1, (23) becomes
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Figs. 5 and 6 illustrate the effect of evaluating
fluid properties at the reference temperature;
it is apparent that the large deviations from a
common curve in Fig. 5 are due mostly to

: temperature effects. The deviations from a

L J common curve remaining still in Fig. 6 arc duc
mostly to Reynolds-number effects. Figs. 7 and 8
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compare, as functions of the blowing rates B,
and B, the skin-friction coefficients computed
Pl o192 from the heat-transfer data using (24) and

evaluating fluid properties at reference tempera-

in Fig. 3.
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tures given by (25), with the constant-property
skin-friction coefficients presented previously
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Reynolds numbers (fluid properties evaluated at reference temperature).
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Fig. 7 is included since the abscissa By is
essentially the same abscissa as used successfully
in the correlation of skin-friction coefficients
for laminar flows with mass transfers (cf. Table 1)
and since several authors (e.g. [26]) have
suggested the use of this parameter for turbulent
flows with mass transfers. The distinct variations
from a common curve found in Fig. 7 are
similar to the variations from a common curve
found in the plot of Stanton-number ratio
C1/Cro vs. blowing rate B, presented by Bartle
and Leadon ([19], Fig. 6).
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FiG. 7. Friction coefficient computed from high-speed

heat-transfer data (using modified Reynolds analogy

and reference temperature) compared with measured

low-speed friction coefficient as function of blowing-
rate parameter Br®*.

The abscissa B’ used in Fig. 8 is motivated by
the analysis of the present paper. Using this
abscissa, both the measured low-speed skin-
friction coefficients and the skin-friction coeffi-
cients computed from high-speed heat-transfer
data using the modified Reynolds analogy and
the suggested reference-temperature expression
appear to be on a common curve within the
limits of experimental error.

The empirical curve of Fig. 8 is compared in
Fig. 9 with results of the theories of Rubesin [27]
and Van Driest [28 ]. It is seen that, although the
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results of Rubesin’s theory bracket the empirical
curve, the theory predicts a significant depend-
ence on Reynolds number which is not apparent
in the available data. Results of Van Driest’s
theory, on the other hand, indicate a weaker
dependence on Reynolds number (in better
qualitative agreement with the available data)

o
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Fi1G. 8. Friction coefficient computed from high-speed

heat-transfer data (using modified Reynolds analogy

and reference temperature) compared with measured

low-speed friction coefficient as function of blowing-
rate parameter Bs*.
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F1G. 10. Comparison of measured recovery factors with predictions of simplified linearized equation.

but do not predict skin-friction reductions as
great as observed experimentally.

The attempt to correlate values of the recovery
factor was less successful. The analytical result,
(21), is cumbersome; experimental results are
scarce. The current state of affairs is summarized

(e

}( )Pr' ~ l,,,’c.,‘

dr

k | = (Plf;)w (T T (27)
0

d,.V m

used successfully (for the range of test conditions
investigated) by Bartle and Leadon [19], then,
setting Pr; == 1, (20) may be rearranged into

. B Tos T (28)
Tr ru,’

in Fig. 10, where data obtained by Bartle and
Leadon [19] for free-stream Mach numbers of
20 and 3-2 are compared with
] . ,

~ 1oy (- P B (26)
[Equation (26) represents, to good approxima-
tion, the equation obtained by setting Pr; = |
and c¢/c; = 1 in (21), expanding in series and
retaining only first-order terms in blowing rates. ]
The cause for the failure of the data to form a
single curve is not known.

If one wishes to use the effectiveness R =
(T — T)(Tro ~ T¢) with temperature 7, defined
by

This equation is to be compared with the
empirical equation

R =

|

{l I (PUC‘)N l ]3
3 (Pufp)cx Cho

(29)

presented by Bartle and Leadon. Ina comparison
of these two equations, one might predict,
using (28), values of the effectiveness R for the
test conditions of [19] and compare these
predicted values with measured values. Such
predictions are most valuable to a designer if
they can be made knowing only the test con-
ditions (including blowing rate) and zero-
blowing values of transport parameters (includ-
ing friction coefficient and recovery factor).
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Hence, values of C7/Cp, 7uw/7s, and r*/r},
required in evaluating (28), are to be predicted
also. Although Fig. 8 is considered to be the best
available correlation of friction coefficient with
blowing rates, this figure cannot be used in the
present calculation; most of the data used in
preparing Fig. 8 are the same data with which
results of the present calculation are to be
compared. Therefore, although the procedure
has been shown already to be inaccurate at high
blowing rates (cf. Figs. 2 and 3), the ratios
C}/C;, and 7o/ 7s were approximated setting

Tw

Ct
YN e (- B).

In the absence of established empirical relations,
(26) was used in the required prediction of
r¥*/r} so that

T ro T w_ 1
T, —T, | 1. Tro—Tw,
=30 = Py p— o B
Finally substituting into (28) and setting c¢/c; =
1, the following expression, relating effectiveness
with test conditions and zero-blowing values of
transport parameters, was written:

(30)
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blowing rates, of predicted values from the
empirical (solid) curve are due mainly to the
inaccuracy of

T c

Y C* ~ exp (— B;).

The accuracy of future predictions of effective-
ness R would be improved by replacing the
exponential dependence of C;/C; on B’ used
in (28a) by the functional dependence indicated
in Fig. 8.

These results suggest, for the test conditions
of [19], an approximate equivalence of (28),
derived analytically here, and (29), derived
empirically by Bartle and Leadon. An examina-
tion of (28a) and (30) indicates, however, that
the following three limitations might apply:

1. As emphasized by Tewfik [29], for T, near
Tro, the value of R depends strongly upon
the value of (Tro — Tw)/(Tr — Tw). Equation
(30) indicates that a sufficient condition for
weak dependence of R on these temperatures

R:

1+{[1+(” D 2 = ox (B*)] exp [(Pr* — 1) B*] — }[1 __(1 — Pr¥) 0

is given by
1 —Tw
P _2 g
3(1 Pr )Tm TwB < L
TfO T(D ?1
B*
Tro Tw S}
(28a)

Values of the blowing rate B} and the friction
coefficient C; were computed then solving
simultaneously (C;/Cy) = exp (— B})

and

_lls(pv)w(Z 2)

*uo \C;, C;

using values of (pv)w/(p4)w and Cy, measured by
Bartle and Leadon and values of T* computed
using (25). Substituting these values of B’ and
measured values of the remaining parameters
(i.e. test conditions) into (28a) and evaluating
all fluid properties at the reference temperature
T*, the predicted values of effectiveness R plotted
in Fig. 11 were computed. Deviations, at high

2. The apparent Mach-number independence
of the blowing parameter

observed by Bartle and Leadon can be
explained now if one notes that

(p0)w _
(pt)oo

_ (pv)w _Tﬁ
p*un T*

and that, to the extent that variations of
heat capacities and Prandtl numbers with
temperature may be neglected,
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For the test conditions of [19], this ratio
is relatively insensitive to the value of the
Mach number and it makes little difference
whether one uses (p0)u/(pt)wCro OF (p)s/

p*uxC, in the correlations. In general, if
TH/T" ~ 1, then (pv)u/(pt)o Cro may be
used whereas, if T*/T" differs appreciably
from unity, then fluid properties must be
cvaluated at the reference temperature 7*.

3. The apparent Reynolds-number independ-
ence of the correlation presented by Bartle
and Leadon can be explained also if one
notes that

(f('

2 2
For the test conditions of [19]. C;, varied
only about 20 per cent. In general, and as
indicated by Bartle and Leadon in Fig. 10
of [30], if C;, varies significantly in a series
of tests, then this variation will have to be
considered in a correlation of the heat-
transfer data.t

C/—.“ (VT* )0-7 T

VAT 5

Additional experiments are required to establish

t The authors would like to acknowledge that com-
putations suggested by E. R. Bartle led to the afore-
mentioned explanation of the apparent Reynolds-number
independence of the correlation presented by Bartle and
Leadon.
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in greater detail the conditions under which
the concept of effectiveness is useful.

The expression for reference temperatures
used here, i.e. (25), was motivated by the
expression for reference temperature obtained by
Knuth [13] for laminar flows with mass transfer
and by the observation of Eckert [5] that the
same reference-temperature expression correlates
both laminar and turbulent flows for the case
of no mass transfer. In an alternative motivation,
one might extend the observations by Rott [8]
and Burggraf [9] that, for turbulent flows with-
out mass transfer, the reference temperature and
the temperature at the sublayer boundary are
equal to good approximation. Beginning with
(15), an expression for the temperature 7T, at
the sublayer boundary has been developed
retaining terms up to and including linear terms
in blowing rates. The difference between the
temperature T predicted by this expression and
the temperature T* predicted by (25) is so small
that one is not able to decide in favor of one or
the other of these equations on the basis of data
available at present [31].

CONCLUSIONS
From examinations of existing data and
analyses for turbulent boundary-layer flows
with mass additions at the wall, the following
conclusions have been drawn:

1. The present state of knowledge of turbulent
flows with mass transfers is such that one
would question the value of any reference-
state expressions obtained examining only
analytical results.

2. Available data are inadequate to ascertain
whether the reference-composition expres-
sion developed for laminar flows with mass
transfers is or is not applicable to turbulent
flows with mass transfers.

3. Available data are inadequate to ascertain
validities of the suggested (@) modified
Reynolds analogies relating mass-transfer
rate with momentum-transfer rate, (b) modi-
fied Reynolds analogy relating heat-transfer
rate with momentum-transfer rate for the
case in which the heat capacity of the cool-
ant differs from the heat capacity of the
main-stream gas, and (¢) dependence of
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recovery factor on fluid properties, blowing
rate, and viscous stress.

4. For the Mach-number range from 0 to 3,
the reference-temperature expression devel-
oped for laminar flows with mass transfers
appears to be adequate for correlating
available data for turbulent flows with mass
transfers.

5. Use of the modified Reynolds analogy and
the proposed blowing-rate parameter
appears to correlate satisfactorily the skin-
friction and heat-transfer data for the case
in which the properties of the coolant and
main-stream gas are equal.

6. Additional turbulent skin-friction data are
required for the case in which properties
of the coolant and the main-stream gas are
equal and temperature gradients are negli-
gible. These data are necessary to establish
more firmly the ‘“‘constant-property” curve
which forms the heart of any attempt to
predict transfer rates using reference states.

7. Reliable and complete data for skin-friction
are required for the case of injection of a
foreign gas into a high-speed gas stream.
Wide ranges of Mach numbers, Reynolds
numbers and blowing rates are desirable;
temperatures and concentrations must be
known at the wall as well as at the outer
edge of the boundary layer. These data
would be useful in establishing whether or
not the reference-state expressions devel-
oped for laminar flows with mass transfers
are or are not applicable to turbulent flows
with mass transfers over wide ranges of
flow conditions.t

8. Reliable and complete data for heat transfer
are required for the case of injection of a
foreign gas. Since these data would be used
primarily to ascertain validities of the
suggested (@) modified Reynolds analogy
relating heat-transfer rates with momentum-
transfer rate for the case in which the heat
capacity of the coolant differs from the heat
capacity of the main-stream gas and ()
dependence of recovery factor on fluid
properties, blowing rate, and viscous stress,

1 A program to obtain such data is being undertaken
presently by H. Dershin at General Dynamics, Pomona.
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it follows that wide ranges of fluid pro-
perties, Reynolds number, and blowing rate
are more important than is a wide range of
Mach number. Temperatures and con-
centrations must be known at the wall as
well as at the outer edge of the boundary
layer.

. Reliable and complete data for mass trans-
fer are required for a wide range of fluid
properties, blowing rate, and Reynolds
number; temperatures and concentrations
must be known at the wall as well as at the
outer edge of the boundary layer. Although
the required measurements would be in-
cluded already in either of the experimental
programs mentioned in Conclusions 7 and
8, one should not rule out the possibility of
making these measurements independently
of skin-friction or heat-transfer measure-
ments.

Finally, the authors would appreciate the calling
of their attentions to any data unknown to them
at the present time and falling into one of the
categories mentioned in Conclusions 6-9.
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APPENDIX
For the turbulent Couette-flow model
described in the section titled Mass and Energy
Transfers (Modified Reynolds Analogies), con-
servations of mass, momentum and energy in
the laminar sublayer are described by the
ordinary differential equations

(pv)w = — p*D + (pv)uwee (1)
d
T = ¥ d—'y‘ — (P (12)
2
" gT e dT d(u /2)
dy |« dy S dy

— (o (e + v k). (3)

Eliminate the differential dy from (11) and (12)
to obtain
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dln(l1 — ¢
dIn [ + (p0)wu]

which may be integrated from the stationary
wall to the sublayer boundary with the result

1 — Cr T Sc*
T—ec ™ (ﬁ) ’
This relation is to be combined later with a
similar expression for the turbulent portion of
the model in order to obtain the desired modified
Reynolds analogy relating mass and momentum
transfer.
Usingtheintegrating factorexp [— (pv)wcSy/k*].
Equation (13) may be written

= Sc*

(14)

ar
*—‘— =
ol

d(u2/2)

— (pv )w

d
+ k* exp [(pv)w ciy/k*] &

(T — Ty)exp [— (Pb)wc cylk*].

Since

d(u2/2) () u?
Y2

72,
~ 2(pv)w
x {exp [2(pv)uwy/u*] — 1}

the energy equation may be written

k* g T { 2( * 1

dy 2( l)) €Xp [ Pv)uy/M ] - }
d

+ k* exp [(pr)wegy k*] &

(T — Tw) exp [— (pv)ucsy/k*]
Multiplying by exp [— (pv)ucSy/k*] and inte-
grating from the stationary wall to the sublayer
boundary

dr
k* (Ts — Tw) exp [-— (p0)uci8s/k*)] = — k

dy Iw (pt)wc;

7, exp {[2 (pv)uwds/p*] — [(p)wcsds/k*]} — 1

{exp [— (Pv)wc,'ﬁs/k*] — 1}

exp [~ (p)uwcsdolk*] — 1

2po)
*

 2(p0)w

H.M.—3T

(po)ucy

(pv)ucs L
k*

k*
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which may be rearranged into

daT 2
* - I
k dy lw “+(pr )wC (Tq e 2(]’
- dT{ o -
dy |

(pv)wus

Combining with the
exp [(pv)wds/u*] one obtains

:\':Cc

l + (pl’)wcf (R + i\

dr
k* ay

w

[ e [ o9 2 ki)

similar expression for
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= exp {(co/cky Prt [(pr)uds/p*] )

1) = 2exp {(es/el) Pre [(pr)udsip*]; 1)

2- C‘/( )Pr*
momentum transfer, i.e. with {77,
7 N
2 ,L" 7“') 'Ts (6,7 0,5 Pk
o ( "*) ‘ (15)
\ Tw

This relation is to be combined later with a
similar expression for the turbulent portion of
the model in order to obtain the desired modified
Reynolds analogy relating energy and momentum
transfer.

Using turbulent Schmidt and Prandtl numbers
in place of laminar Schmidtand Prandtl numbers,
one obtains for the turbulent portion of the
model the analogous relations

1 - ((‘ ’Tool' Sy
112 \
il + (pu)wc (Ta + 1 2 T TS)
a7
o dy |s
(Too (catlep*) Prs

Equations (16) and (17) are to be combined with
(14) and (15) in order to obtain the desired
modified Reynolds analogies.

Eliminating the coolant concentration ¢¢ at
the sublayer boundary from (14) and (16) one
realizes for mass and momentum transfer

| L
+ 1 _wcc'

or, using familiar dimensionless parameters,
equation (18) of the text. In order to place the
relations for energy and momentum transfer
in similar form, both the temperature 7; and the
temperature gradient (d7/dy)|; must be elimin-
ated from (15) and (17). The third equation
required to implement these eliminations is
obtained by evaluating (13) at the sublayer
boundary to obtain

o 47 dT‘ 2
dy 2(pt)

(exp {2 (pv)uds/p*]} — 1) — (po)uc (T — T).

(19

Eliminating now 7 and (d7/dy)|s from (15),

(17), and (19) one realizes for energy and
momentum transfer

(P17)1('('; (To( -4 ¥ 2: ]’”A)

e - a7 r E
&
dy |

l" ; (Pv)u:llsl(ﬁn i (I Py
SR L e
- T
(pohtta]
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or. using familiar dimensionless parameters,

equation (20) of the text, with the temperature
recovery factor r* given by (21) of the text.



USE OF REFERENCE STATES IN PREDICTING TRANSPORT RATES

Résumé—On présente dans cet article une méthode d’évaluation des taux de transport d’énergie, de
quantité de mouvement et de masse dans les écoulements turbulents. Elle comprend: (a) une corréla-
tion semi-empirique du coefficient de frottement relative a 'injection de 'air dans un courant d’air &
basse vitesse (elle fournit Ja courbe de *‘propriété constante™ a la base de tout essai de détermination des
taux de transport utilisant des états de référence); (b) des analogies de Reynolds modifiées reliant les
coefficients de transport d’énergie et de masse avec le coefficient de frottement; (c) des expressions
de la température de référence (ou enthalpie) et la composition de référence. Le parameétre du taux de
souflage utilisé dans la corrélation du coefficient de frottement différe des suggestions des autres
auteurs basées sur les théories de sous-couches, principalement en ce qu’ils utilisent la moyenne
géométrique du facteur de frottement avec et sans soufflage. Les analgoies modifiées de Reynolds
différent des analogies de Rubesin et Pappas principalement du fait que la chaleur spécifique du
mélange est constante, sa valeur étant fixée par I'état de référence. Comme pour des écoulements
sans apport de masse & la paroi, I'expression de la température de référence utilisée pour des écoule-
ments laminaires représentent bien les résultats pour les écoulements turbulents. Pour traduire les
données concernant les écoulements turbulents avec apport de masse il est conseillé d’essayer d’utiliser
les expressions d’état de référence proposées par Knuth pour les écoulements laminaires avec injection
de masse.

Puisqu’il n’ya actuellement aucune données concernant des mesures dépendant de la concentration
du gaz injecté en surface, il n’est pas encore possible de vérifier I’analogie de Reynolds reliant le
transport de masse et de quantité de mouvement et d’utiliser I’expression de concentration référence.

Les données limites valables indiquent que: (a) pour des nombres de Mach supérieurs a 3, 'ex-
pression de température référence développée ‘our les écoulements laminaires avec transport de
masse semble vérifier d’une fagon satisfaisante les données relatives aux écoulements turbulents avec
transport de masse, et (b) I'utilisation de I’analogie de Reynolds modifiée et le paramétre de soufflage
proposés semble relier convenablement le coefficient de frottement et les données de transmission
de chaleur dans le cas ou la capacité thermique du refroidisseur et du fluide principal sont égales. On met

en évidence la nécessité de réunir des données plus nombreuses et plus précises.

Zusammenfassung—Nach einer hier angegebenen Methode lassen sich Stoff-, Impuls- und Energie-
austauschrate in turbulenten Stromungen ermitteln unter Beriicksichtigung von (a) einer halb-
empirischen Beziechung fir den Reibungskoeffizienten fiir Lufteinblasung in einen Luftstrom geringer
Geschwindigkeit (um “‘konstante Eigenschaften” zu gewdhrleisten, die als Grundlage jedes Versuchs
gelten, Ubergangsraten mit Hilfe von Bezugszustinden zu ermitteln); (b) modifizierten Reynolds-
analogien, die Stoff- und Energieaustauschkoeffizienten mit dem Reibungskoeffizienten verbinden,
und (c) Ausdriicken fiir die Bezugstemperatur (oder Enthalpie) und Bezugszusammensetzung. Der
Parameter der fiir die Beziehung mit dem Reibungskoeffizienten verwendeten Einblasrate unter-
scheidet sich von Vorschlédgen fritherer Forscher, die vorwiegend Unterschichttheorien zugrundelegten
darin, dass der geometrische Mittelwert des Reibungsfaktors mit Einblasung und jenes ohne Ein-
blasung verwendet wurde. Die modifizierten Reynoldsanalogien unterscheiden sich von den Analogien
von Rubesin und Pappas hauptsdchlich in der Konstanz der spezifischen Wirme der Mischung mit
einem vom Bezugszustand festgelegten Wert. Da fiir Strdmungen ohne Stoffzugabe an der Wand der
flir Laminarstromung verwendete Ausdruck der Bezugstemperatur die Ergebnisse fiir turbulente
Stromung gut korreliert, empfiehlt es sich, Werte fiir turbulenten Strom mit Stoffzusatz zu korrelieren
durch Verwendung der von Knuth entwickelten Ausdriicke fiir den Bezugszustand fijr laminare
Stromung mit Stoffzusatz.

Da keine zuverlassigen Messungen fiir Fremdgaskonzentrationen an der Oberfliche verfiigbar sind
ist gegenwirtig die Verifikation der modifizierten Reynoldsanalogie, die Stoff- und Impuisaustausch
verbindet und der Verwendbarkeit eines Ausdruckes fiir die Bezugskonzentration nicht méglich.
Die beschrinkt verfiigbaren Daten lassen erkennen, (a) dass fiir Machzahlen bis 3 der fir laminare
Stréomung mit Stoffaustausch gewonnene Ausdruck fir die Bezugstemperaturen die Daten fiir turbu-
lente Strdmung mit Stoffzugabe zufriedenstellend zu korrelieren scheint und (b) bei Verwendung
der modifizierten Reynoldsanalogie und des vorgeschlagenen Parameters fur die Finblasrate die
Oberfliachenreibung und die Wirmeiibergangsdaten im Fall gleicher Warmekapazitit des Kiihimittels
und des stromenden Gases zufriedenstellend zu korrelieren sind. Der Bedarf nach umfassenderen und

genaueren Daten wird betont.

Annoramus—/3naraerca MeTON OIpeeNeHHs CKOPOCTEH IIEPEHOCA MACCH, MMILYJIbCA W
snepruy npu TypOyaeHTHOM TedeHWH. MeTon BKIKOYaeT B cels :

(a) momysmmupuyecioe cooTHOIIEHHE NIA KOI(MUINEHTA TPeHHS TP BIyBe BOBIYXA B
BOBIYIIHELA MOTOK Mamofi cKOPOCTH (TP YCIOBHH, 9TO IIPU HOCTPOGHUU «KPUBOI TOCTOAHHHIX
CBOMCTBY, HEOOXOANMOM [Ifl ONPEIeIeHUA CKOPOCTH epPeHOCa, HCIOMb3YIOTCH XapaKTepHbe
COCTOAIHNA),
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(0) MopuGUUUPOBAHHBIE AHATOrME Pelinoidblcd, YOTAHABIMBAONME BARHCIMOCTL MEALLY
woadPrnueHTaMIl TePeHOCA MACCEL M HHEPIMHM 1 KO2GOUINEHTOM TPeHus, u

(B) BHIP&KEHUMH XapPAKTEPHBIX TeMueparypsl (UM OUTATBIHR) U coctasa. Hapaserp
CKOPOCTH BIYBA, C HOMOIUBIO KOTOPUT'O OLMCBIBACTCH KOBPOUIMCHT TP, 0T 18UaeTesi or
TApaMerpa, UpeJI0MeHHOT0 paHee UCCAeROBATeIAMIL, OTIHUYME 3aRTYLICCH H TOM. UTO
BMECTO MCIHOJB30BAHHA TEOPUU [OICI0H B JAHHOM ¢.1ydyde OEePeTCH CPLUHereoMeTpuyeckon
RODPPUIEEHTA TPEHHA P HAMMUMIE BjyBA W HPH cro oTeyTeTBHH. Moxuduumposannbic
anagornu Peitimodejica oTandatorest or ancoruit Pyoesnua w Hanuvaca tev, uro wesurmno
VEABHOM TETLIOTHL CMECH OCTACTCH TOMH #ke, 4T0 11 B XAPAKTCPHOM COCTOARIN. Bhtpanscnne
XAPARTEPHOI TeMIepaTyhl LA Tederii (03 10B0la MACCHL HA CTOHEE, HeImoan3yeMor |

b
JIYYae JAMHHAPHLIX T4, Rak M3BeCTHO, BeCBMA VCIeUTHO UCIOTBBYCTCH [L1H ONNCAHI
PESYABTATOR LT Ty pOYIIeNTHHX TeucHui. 1oaToMY PeROMeHIY ¢TCHA JATHBLE (L5 Ty POy IeHT-
HBIX TEYEHNIT ¢ MACCOOOMEHOM OIUCKBATE ¢ 1TOMONILID BEIPAREHON XaparTepHOTo cOCTOSTHIIS,
BEIBEIEHHBIX HHYTOM [LTH TAMHHADIDIX TeHeHMIT ¢ HOABOAOM MACCbLL.

B unacrosuiee BpeMa HeT HAZeHHBX AAHHLIX MB3Mepesui RounenTpaiuii HHopoAnoll -
MECH Ha [OBEPXUHOCTI. )T0 00CTOATENBCTBO HEEACT HEBOSMOMHON MPOBLPRY +ONTHOUIEHILY
MOMPULHPOBAHTON SHWTONNE Peiinois, (0 MeHiy TIePerocoMd Macehl 11 HMITVTHE i U TaRH:
He TTORBOJACT HEHOJL30BATL BhIPAAKEHNE XApaRTCPHON KOHUGHTPRIT .

W3 umenluxes CRYIHBIX JaHHDIX MOHHO CIEdaTh BRIBOL, 410 !

(a) aqs suadennit wncaa Maxu e G0abiie 3 BHPAHCHIE XAPAKTCPHOM TeMLEpATyphL.
BBIBGIEHHOE JJIH JaMHHAPHDLIX TEYeIHi ¢ HepeHocOoM Macenl, VAOBRICTROPUTETBIO o1THebibaeT
JANNBIe JUIA COOTRETCTBYIOULMX TYPOYIICHTHBX, TeUcHUll, u

(D) ¢ momorkbIo MOARGHIMPOBAHRONT dHATOTII PeifHOIbACA M IPLATVINCHILONO DRPAMCT i
CIROPOCTH BAYDbU MOMKHO YAOBIETBOPHTEALEO OTHCAThH JANIIBE 10 TTOBEPXHOCTHOM Y TPElG 11
TETIIOOOMEHY LIS CAVYQSL, BOMAA TOILOEMEOCTL OXAUTIH 11 Tasa oCHORHOr0 HoToRa
OANNAKOBBL.

[o;piepruBaercs: HEOOXOLHNOCTH 1B Dl HOJHBIX 3 TOYHBIX LB



